ISSN 0005-1179 (print), ISSN 1608-3052 (online), Automation and Remote Control, 2025, Vol. 86, No. 9, pp. 797-816.
© The Author(s), 2025 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2025.
Russian Text © The Author(s), 2025, published in Avtomatika i Telemekhanika, 2025, No. 9, pp. 3-27.

SPECIAL ISSUE

A Gradient Method with Inexact Gradient Information:
A Study on Some Classes of (L, L;)-Smooth
Nonconvex Problems

S. S. Ablaev***?, F. S. Stonyakin****, M. N. Fedotov***, M. S. Alkousa****,
0. S. Savchuk*****¢, and A. V. Gasnikov******f

*Vernadsky Crimean Federal University, Simferopol, Russia
**Moscow Institute of Physics and Technology, Dolgoprudny, Russia
*** National Research University Higher School of Economics, Moscow, Russia
**** Innopolis Unaversity, Innopolis, Russia
o Adyghe State University, Maykop, Russia
e-mail: “seydamet.ablaev@yandex.ru, ®fedyor@mail.ru, ¢ MazimFd-Nk@Qyandex.ru,
dm.alkousa@innopolis.ru, ©oleg.savchuk19@mail.ru, T gasnikov@yandezx.ru

Received March 3, 2025
Revised May 20, 2025
Accepted June 27, 2025

Abstract—In this paper, a gradient method is studied on the class of (Lg, L1)-smooth objective
functions under the condition that only approximate values of the gradient are available at
the iterations of the method. This setting arises when using noisy data. Two classes of prob-
lems are considered, namely, quasar-convex functions with respect to any solution that satisfy
the Polyak—FLojasiewicz gradient dominance condition (the PL condition) and quasar-convex
functions without the PL condition but with an additional constraint on the quasar-convexity
parameter. For quasar-convex functions with the PL condition, a nearly linear convergence
rate is established in the neighborhood of the exact solution. If inexact gradient values are
sufficiently small (which is achieved in a finite number of iterations), the method will converge
with a nearly linear rate on the class of problems with the PL condition without the additional
assumption of quasar-convexity. For (0, M)-smooth quasar-convex functions, an adaptive gra-
dient method is proposed, and its convergence rate is estimated. As shown, when using exact
gradient values, the method converges with a linear rate.

Keywords: gradient method, A-inexact gradient, (Lg, L1)-smooth function, p-quasar-convex
function, Polyak—Lojasiewicz condition, logistic regression
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1. INTRODUCTION

With the rapid advancement of machine learning, it is increasingly topical to develop and ana-
lyze numerical optimization methods with effective convergence guarantees. To achieve the optimal
convergence rate of conventional methods, such as gradient descent and its modifications, a key
assumption is the smoothness of the objective function (i.e., the Lipschitz continuity of its gradi-
ent). In the context of modern machine learning problems, this assumption may turn out to be
too stringent [1]. As a rule, quite natural and simple-to-implement methods perform poorly for
deep learning problems, where the global smoothness condition often fails. For example, variance
reduction methods [2-8] are known to be theoretically faster (for minimizing finite sums of smooth
functions), but in practice may be inferior to methods that do not theoretically reduce variance [9].
According to the experiments presented in [1], when training neural networks, the norm of the
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798 ABLAEYV et al.

Hessian may correlate with the norm of the gradient of the loss function. Thus, the above factors
motivate researchers to find and propose alternative assumptions relaxing the standard smoothness
requirement for the objective function.

One such assumption is the so-called generalized (Lg, L1)-smoothness, pioneered several years
ago [1] for twice differentiable functions. This assumption allows the norm of the Hessian of the
objective function to increase linearly with the growth of the gradient norm. In particular, (Lo, L1)-
smoothness can hold even for functions with polynomially growing gradients, which is a typical
situation for deep learning problems. Moreover, the concept of (Lg, L1)-smoothness covers a wide
class of problems and can be generalized to differentiable, but not necessarily twice differentiable,
functions [10, 11].

In recent years, many research works have considered various methods for solving (Lg, L1)-
smooth optimization problems. However, despite the interest from the scientific community, the
existing results on the convergence of methods remain nonoptimal in several important cases, and
the theoretical analysis is often insufficiently complete. While the most general class of nonconvex
problems, admitting only the convergence of metrics like the gradient norm to zero, has been the
focus of [1] and the later publications [10-16], the class of (Lo, L1)-smooth convex functions has
been investigated much less until very recent time (the late 2024—early 2025). In particular, when
applied to (Lo, L)-smooth convex problems, known results on the convergence of methods, such
as gradient descent with clipping [17] and gradient descent with Polyak’s step size [18], either
additionally assume L-smoothness [19, 20] or restrict the step size to make the method’s trajectory
bounded in a domain where the gradient satisfies the Lipschitz condition due to the (Lg, L1)-
smoothness of the objective function [21].

Let us review several recent works devoted to the optimization of (Lg, L1)-smooth functions.

In [22], the class of strongly convex (Lg, L1)-smooth functions was studied, and new convergence
rate guarantees for several existing methods were obtained. In particular, better convergence rate
estimates were derived for gradient descent with (smoothed) clipping and for gradient descent
with Polyak’s step size. Unlike the existing results, these estimates neither involve the standard
smoothness assumption nor have an exponential dependence on the distance from the initial point
to the solution.

Parallel to [22], similar results for the gradient method with various step size strategies, including
Polyak’s step, were independently obtained in [23], along with new complexity estimates for the
gradient method with normalized step on the class of (Lg, L;)-smooth problems.

A more detailed analysis of the convergence of gradient descent and its modifications under gen-
eralized (Lg, L1)-smoothness was presented in [24]. In the convex case, it was shown that the con-

vergence rate of the gradient method changes depending on the gradient norm: for ||V f(zx)|| > é—‘;,
2.

Unlike the above-mentioned works, here we analyze the gradient method for (Lg, L;)-smooth
problems under the condition that only approximate (additively inexact) gradient values are avail-
able at each iteration of the method. That is, this research further develops, in a new direction,
the paper [25], where similar problems were investigated for smooth problems in the classical sense.
Note that several directions are considered. First, we study the convergence of the method for
p-quasar-convex, with respect to any exact solution [26-28], (Lo, L1)-smooth functions satisfying
the Polyak—Lojasiewicz (PL) condition

a linear rate is achieved, and a standard sublinear convergence rate is observed if ||V f(x)|| <

f(@) - flo) < iuw@cw Ve €R", 1> 0, 1)

where || - || denotes the Euclidean norm and x, is a minimizer of the function f. As is shown below,
under some assumptions, the method converges with a linear rate to some neighborhood of the exact
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solution. It is also proven that starting from some iteration, the method converges on the class
of problems with the PL condition (without requiring quasar-convexity). Second, we separately
consider the class of p-quasar-convex (0, M)-smooth functions, representing interest in the context
of machine learning problems (particularly when training logistic regression models). For this class
of problems, an adaptive modification of the gradient method using inexact gradients at iterations
is proposed, and convergence rate estimates are obtained under some constraint on the quasar-
convexity parameter p. The efficiency of the proposed methods is confirmed by computational
experiments for logistic regression problems (which satisfy the PL condition on any compact set [29])
and a certain nonconvex quasar-convex problem [27].

2. PROBLEM STATEMENT AND NECESSARY BACKGROUND

Consider minimization problems of the form

finRI}L f(x), (2)

where f:R"™ — R is a convex and (Lg, L1)-smooth function. Throughout this paper, x, and
f* = f(x,) denote a global minimizer and the global minimum value, respectively, of the function
f; the norm || - || is Euclidean.

As already noted, the (Lg, L1)-smoothness condition (Lg, L; > 0) was initially introduced in [1]
for twice differentiable functions f : R — R as follows:

IV2f @)l < Lo + Li|[V f ()| V€ R", (3)

where || - || indicates the Euclidean norm for vectors and the spectral norm for matrices.

In [10], this concept was extended to the class of differentiable, but not necessarily twice differ-
entiable, functions.

Definition 1. A function f:R"™ — R is said to be (Lg, L1)-smooth if, for any xz,y € R™ such
that |y — 2| < z;,

IVf(z) = VIl < (Lo+ LalIVFW)ID [l = wll. (4)

Consider several examples of functions satisfying condition (4).

Ezample 1. The function f(x) = ||x||*™ is (2m,2m —1)-smooth. At the same time, for all L > 0,
f is not L-smooth for m > 2; for details, see [22]. (Recall that an L-smooth function is one whose
gradient satisfies the Lipschitz condition.)

Ezample 2. The function f(x) = e, a € R",is (0, ||al|)-smooth. At the same time, for all L > 0,
f(z) is not L-smooth for a # 0 [22].

Ezample 3. The logistic function f(x) = log(1 + exp(—a’z)), where a € R", is (Lg, L1 )-smooth
with Lo = 0 and Ly = ||a| [22].

The concept of (Lg, L1)-smoothness was generalized in [11] as follows: a function f:R™ — R
is said to be a-symmetrically generalized smooth if, for some a € [0,1] and any z,y € R",

IVf(y) = V()] < (Lo Ly max IVf(Oy+ (1 - 9)$)H°“> ly — |- (5)

As demonstrated in [11], condition (5) is more general than (3) and (4): the validity of (3) or (4)
implies the validity of (5) (with a = 1). Moreover, for twice differentiable functions, conditions (3)
and (5) are equivalent for av = 1 [11].

Now we give the definition of a quasar-convex function, a key in this work.
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Definition 2. Let p € (0,1] and p > 0. A function f : R" — Ris said to be (p, u)-quasar strongly
convex if, for all z € R",

f(@) > £(a) + (9 @)z, —a) + e, ol (6)

where x, is a global minimizer of the function f. For u = 0 the function f is called a p-quasar
convex function.

The PL condition can be treated as a relaxation of ordinary strong convexity and, moreover,
of strong quasar-convexity [27]: if f:R"” — R is a (p, u)-quasar strongly convex function, then it
satisfies the PL condition (1) with the constant jp?.

Ezample 4 [27]. Let f: R™ — R be defined as

_ 2 T n
f@ = lelfs () Ve e R

where
n
glx) =1+ Za,; sin(bjz;)?, Vo= (z1,...,x,) € R™
i=1
Then the function f is (1,2)-quasar strongly convex, i.e., satisfies the PL-condition (1) with con-
stant 2.

The issues of convergence of the gradient method for convex problems with the generalized
smoothness condition (4) have been actively investigated recently; for example, see [22-24]. The
cited research works presented results on the convergence of the normalized gradient method, the
gradient method with Polyak’s step, and the accelerated gradient method based on the assumption
of generalized smoothness. It was also shown that the gradient method converges with a linear
rate as long as the gradient norms at the iterations remain sufficiently large. This paper is a
continuation and further development of the above works.

Here, we focus on studying gradient descent for the minimization problems (2) under the condi-
tion that, at each iteration of the method, only a gradient with an additive error is available instead
of exact gradient values. Recall that for A > 0, a vector Vf (x) is called the inexact gradient of a
function f at a point x if _

IVf(z) = V)] <A;
and A > 0 is called the gradient inexactness parameter.

In the case of small gradient norms at the method’s iterations, it becomes challenging to derive
theoretical estimates of the convergence rate. The reason is that, unlike the case of using exact
gradients, it becomes impossible to ensure a monotonic decrease of the gradient norm at each
iteration. This problem can be circumvented by additionally requiring that the objective function f
satisfies the PL condition. According to [25], for problems with inexact gradients, the PL condition
implies the inequality

IVF@)I? > ul(f(z) = f*) = A* Vo eR", u>0. (7)

This section provides the problem statement and necessary background. In Section 3, we study
the gradient method for (Lo, L1)-smooth problems under an additive error in the gradient at each
iteration. The method’s convergence rate on the class of p-quasar-convex functions satisfying the PL
condition is estimated. As established, the convergence rate is linear up to a certain level of gradient
values. Section 4 deals with an adaptive modification of the gradient method for (0, M )-smooth
p-quasar-convex problems. In Section 5, we present the results of computational experiments for
the logistic regression problem (which satisfies the PL condition on any compact set [29]) and a
certain nonconvex quasar-convex problem [27].
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3. GRADIENT METHOD FOR (Lg, L1)-SMOOTH p-QUASAR CONVEX FUNCTIONS

Let f:R™ — R be an (Lg, L1)-smooth (4) and p-quasar convex function with respect to any
solution x, (see Definition 2, y = 0):

) > fla) + %Wf(ﬂ:),x* —a), pe (01 (s)

If f is strongly quasar-convex (see Definition 2, p > 0), then the solution z, is unique and
f is strongly quasar-convex with respect to any solution. Note that problems with nonconvex
smooth (hence, (Lg, L1)-smooth) p-quasar-convex functions are often encountered in applications
(see Example 4) [27].

To solve problem (2), we investigate the gradient method of the form

Tpy1 = xp — MV f () 9)

with the step size

[0
Nk = = )
Lo+ Lo (I (@) + A)

where a € (0, 1] and Vf (xr) denotes the inexact gradient of the function f at a point x.

Note that, despite the use of approximate gradient values in the algorithm, the theoretical
analysis assumes the existence of the exact gradient.

Let us prove several lemmas necessary for deriving convergence rate estimates of the method.

Lemma 1 [10, Lemma A3|. Let a function f(z) be (Lo, L1)-smooth (4). Then, for all x,y € R"
such that ||z — y|| < L%v

Lo + L1||V f ()|
2

fy) < f@) +(Vf(x),y—=z)+ ly — . (11)

Proof. Let g(t) = f(x +t(y — z)) for t € [0,1]. Then

1 1
Fw) = @) = 9() = 9(0) = [ gOdt = [ (Vi(a+tly—a))y—a)dt.
0 0

We add and subtract (Vf(x),y — x) to/from the integrand:

1 1
Fw) = @) = [(VI@.y—a)di+ [(Vi @+t =) = V() — o)t
0 0

Computing the first integral and applying the Cauchy—Bunyakovsky—Schwarz inequality to the
expression under the second integral, we obtain

1
fly) = fz) < (Vf($),y—$>+/HVf(93+t(y—x))—Vf(x)Hlly—det-
0

In view of

IVF(y) = V@) < (Lo + La[[V (@) []) lly — l;
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we have the inequality

1
fy) = f@) < (Vf(x),y —2) + |y — 2| / (Lo + Li[[Vf (@)I]) ly — x[|tdt
0

and, consequently,

Lo+ L1||Vf(x)

[
Ly a2

fy) < fl@) +(Vf(x),y—=z)+

Remark 1. Under an additive error in the gradient, inequality (11) takes the form

L Lot Li(|[V £ ()] +A)

F) < @) + (V1) y - ) -

ly — | + Ally — . (12)

Lemma 2. Let f(z) be an (Lo, L1)-smooth function (4). Assume that |V f(xg)|| > A. Then at
the iterations of algorithm (9) with the step size (10), the values of this function decrease mono-
tonically, f(xk-l-l) < f(xk)7 and

a-—a)  (IVf()ll = A)?

Faw) = Jenn) 2 == p o I wo + 2LA

(13)

Proof. Consider inequality (11) with y = z44; and « = . Note that ||xp1 — 2] < L% Then
we have

f(@pt1) — )
V). Vi) P+ (V)] +8)
S Lot L (V@ +8) 2Ly + L (19 f ()]l + A))

||V f () > = 20(V £ (1), V f (1)
2(Lo+ Ly (IVf @) +4))
Q2| Vf (@) = 20V f (1), V. (2r)) + |V f (i)l = IV £ ()]
2(Lo+ Ly (|IVf (i)l + A))
|0V f (k) = V()| — IV (@a)lI*
2(Lo+ Ly (IV £ ()| + )

207V £ ()|

Therefore,

V£ @R)l* = loV f(zx) = V£ ()|
xr) — f(x > — .
f( k) f( k+ ) 2(L0+L1 (HVf(J)k)H—I-A)>

We utilize the following relation for « € (0,1] and a,b € R™ :

laa = bl| = [la(a = b) + (v = D)bl| < afla = bl + (1 — )[[b]].

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025



A GRADIENT METHOD WITH INEXACT GRADIENT INFORMATION 803

As a result,
fzk) = f(@p11)

I9F@l2 — (¥ f () — Vi)l + (1 )|V )]
2(Lo+ Ly (IVF(ar)| +4))
[VF@R)l” ~ (0 + (1~ a) |V f ()]’
2(Lo+ Ly (IVf(@e)| +4))
_ a(IVF@all = A) (2 = a)(IV f(ze)l| = A) +24)
2(Lo+ L (IIVS )] + A))
a@-a)  (|Vf(ze)] — A
2 Lo+ Ly (IVF(aw)] +4)

L 2-a) (IVf ()|l = A)?
- 2 Lo+ L1||Vf(zp)| +2L1A°

=

WV

Lemma 3. Let f be an (Lo, L1)-smooth function (4) satisfying the PL condition (1), and let x,
be the exact solution of problem (2) closest to xyy1. Then the following inequality holds for the
gradient method (9) with the step size (10):

(f(zo) — f*)- (14)

=l

[ 241 — | <

Proof. According to [29, Appendix A], for the closest exact solution z,, the PL condition implies
the quadratic growth of the function:

Ellare = 2> < flanen) = £
Due to the monotonicity of the function f, the inequality becomes
I 2 *
5 lekrn = 2ul” < flzo) — £7,

and the desired inequality is immediate:

(f(zo) — f*).

k41 — 2| <

=

Let us denote g = ||V f(zg)|| — A. From Lemma 2 it follows that

(2-0a) Ii
2 L0+ngk+3L1A‘

Flan) = flapn) > = (15)

Assume that g > 3A. We will investigate the convergence of the method depending on the value
of g,.. Two cases are possible: g, > f—[l’ and g < f—[l)

For g > f—[l), from (15) we have

a2 —a) g,% a(2—a)g_k _a2-a)

xE) — J@x > > -
f(xr) = f(@r4) 2 Ligi + Ligr + L1gs, 2 314 6L

k- (16)
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If g < f—[l), then inequality (15) gives

a2 —a) g,% a2 — a) g,% a2 —a) ,
o — 7 Y9k (17)
2 Lo+ Lo+ Ly 2 3Lg 6L

The following result is true for this class of problems.

(o) = f(zpg1) >

Theorem 1. Let f be a p-quasar-convex function with respect to each exact solution and, simul-

taneously, an (Lg, L1)-smooth function satisfying the PL condition (1). Also, let ||6f(xk)H > 5A
2 *

and p < min { a(62L—0a); 725555?%}5 )}. Then the following inequality holds for algorithm (9) with the

step size (10):

k+1
f(xk+1)—f*<ma><{1— a@ e ;1—0‘(2‘“)"} (f(0) - )

6L1y/2 (f(0) — ) 6Lo

1 A Ly %(f(ﬂﬁo)—f*)_Lo
—I—Amax{L—l,L—o}max{ ; 77 .

(18)

Proof. Consider first the case g, > ﬁ—‘; By the quasar-convexity of the function f(z) at x = xy,
we have the inequality

flaw) = 7 < l<Vf($k:)793k — Zy) < 1HVf(ﬂ«“k)llHﬂ«“k — |
: ! (19)
= ;(gk + Az — 2]
Applying Lemma 3 to (19) yields
@) = £ < )= (@) = 1)+ A)
and, consequently,
= (f(@o) — f*)
Inequalities (16) and (20) imply the estimate
f@ir) = 5 < flag) = f oL 2 (o)~ 1)
(21)

a(2 — a)p " Oé(2 - a)A
=|1- TE) — +
( 6L1,/Z (f(xo) - f*)) e =

For g, < £, from (17) it follows that
Ly

Flae) - 7low) < ~28=Ugp = M= gy - a2
<222 (L sl - a7)
=2 Do e+ B
= 2Oy gy 4 DA
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Thus,

a2 — a)A?

Flar) - 7 < (1= SE2 Y () — g 4 2220

6Lo
Due to inequalities (21) and (22), we obtain

—f*<max{1-— a2 —a)p ol x)— f*
f@rs) = f7 < {1 oL %(f(a:o)—f*)’l 6L }(f( k)= f7)

+ma a2 —a)A a2 —a)A?
" 6L 6Ly [

or

6 LI;L_O
a2 —a)p a2 —a)p o
<max{ 1— 1— (f(zo) = 1)
v { 6L1,/2 (f(x0) — f*) 6Lo "

) |
a1 oak ;1 — @
61 /2 (F(a0)—1) °

The following chain of inequalities is true for positive numbers a and b :

1 1 1 i {1 1}
= — — X< —:— .
1—max{1—a;1 -0} 1—(1—min{a;b}) min{a;b} a’b

Hence,
2-a) -apu|
T — f* <max{1l— e ZwP 1_a — Y zo) — f*
f(xrgr) — f ma{ 5L /2 (o) — ) 6L } (f(zo) — f7)
a(2 — a)A 1 A 6 Luy/7 (f@o) = ) 1,
+ 5 maX{Ll’Lo}a@—a)maX{ P '
2-a) -apu|
Cmax{1-—2=_DP 4 2 “”‘} (f(x0) — )
o { 6L1,/2 (f(z0) — ) 6Lq '
1 A Ly %(f(xo)—f*)'/;0
+AmaX{L—1,L—O}maX{ 5 ,7 .
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Remark 2. For algorithm (9), the number of iterations with ||V f(z)|| = 5A can be estimated
as

6L3(f(x0) — f*) 2Lo(f(x0) — f")
NS { 02— o)Ly W +| a2~ )7 |

Proof. Let us estimate the number of iterations where g > f—?. From (16) it follows that

a2 —a)Ly
fzk) = f(@pt1) > o2
Let i1,...,im, p = 1,m, be the iterations for which g;, > ﬁ—‘l) Then summation yields the inequality
* a2 —« LO
Flao) = £ > fa) - Fla,) > SE= Do,
6L7
and, consequently,
6L3(f (w0) — f*)
< , Lo #0.
" { a(2 — a)Ly 07

Now we estimate the number of iterations for which g < ﬁ—‘; In view of g,% > 9A? inequality (17)

leads to the estimate f(zr) — f(xg41) > %. Let j1,...,Jn, L = 1,n, be the iterations for

which g;, < ﬁ—‘; Then summation yields the inequality

9a(2 — o) A?

Flao) = 7> flwj) = ) > =1

n,

and the number of such iterations satisfies the upper bound

<[t

Remark 3. According to inequality (21), the method (9) with the step size (10) converges with
a rate close to that of a geometric progression for sufficiently large gradient norms (i.e., g > ﬁ—‘f)

_Remark 4. Suppose that an acceptable solution quality is achieved under the condition
|V f(zx)]] < 5A. Indeed, if |V f(xg)]| < BA, then ||V f(zk)|| < 6A, and the PL condition (1) gives

2
flaw) - f* < iuvm)w < “if .

Remark 5. Since the number of iterations with g, > f—‘l) is limited, starting from some iteration NV

the gradient norm will be less than ﬁ—‘; Then it can be stated that the method (9) with the step
size (10) converges on the class of problems with the PL condition (without requiring p-quasar-
convexity) starting from this number. Thus, starting from some iteration, we obtain:

1) either
a2 —« A?

k
N

Fae) — 7 < (1 - -

from inequality (22) by recursion,
2) or an acceptable accuracy has already been achieved.
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4. ADAPTIVE GRADIENT METHOD FOR QUASAR-CONVEX

(0, M)-SMOOTH FUNCTIONS

807

Consider the case Ly = 0, corresponding, e.g., to the logistic regression problem. Denoting

M = L, for convenience, we write condition (4) as

1
IVf(y) =V @) <MV f(@)|llly -zl Yo,y € R such that [ly —z|| <7

(23)

In this section, an adaptive modification of the gradient method using inexact gradient information

will be investigated on the class of p-quasar convex functions.

Let f be a (0, M)-smooth and p-quasar-convex function with p € (%, 1}. (Unlike the previous

section, this condition holds not necessarily with respect to each exact solution.) Consider the fol-
lowing adaptive modification of the gradient method using inexact gradient values at the iterations.

Algorithm 1 (the adaptive gradient method for (0, M )-smooth problems).
1. Input: g € R", A >0, 0 < My < 2M, and o > 0.

2. k=0.

3. Repeat:

4. My = max {Mo/2, My,/2}

5. Nk

- Ui (19 @) +4)
6. Tpp1 =xp — MV f(TK), N
7.3 fo) — flanen) > Som2 (IV ()] - 24) and

a IV £ ()12 Aa
_ > — = . —
flow) = flewn) 2 e (1= 5) G5 eoTa) ~ M
8. then k:=k+1;

9. otherwise,
10. Mj41 = 2Mj41 and get back to line 5.
11. Output: T = zp41.

Now we prove several auxiliary statements for (0, M )-smooth functions. In particular, they will
justify the correctness of Algorithm 1, i.e., the validity of the iteration exit criterion (see line 7 of

Algorithm 1) for (0, M )-smooth functions for sufficiently large Mj ;1.

Lemma 4. Let f(x) be a (0, M)-smooth function. Assume that ||V f(z1)|| > 5A and {Mi}fzo is

a sequence such that M;y1 > M. Then at the iterations of the algorithm

M1 (IV (@)l +A)

Tt1 = T — %f(xk)v a € (0> 1]>

the values of this function are monotonically nonincreasing, f(xg+1) < f(xr), and

2 —a) (IVf(z)] —24)°

Flar) = flanen) 2 — My 1 (|[V f ()] +A)

Proof. For Ly =0 and Ly = M, inequality (11) implies

M|V f ()

F) < @)+ (VF@)y —a)+ —— vy - =|*
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With y = xx41 and x = z, we obtain

f(xry1) — flz)

o (V@) Vi) M|V (@)
My (IVF @) +A) 22, (IVf @)l +4)

70|V £ () I

. —alVi@) Vi) | MOVIEI+8) sl
Migr (V@RI +4)  2M (V)| + A) Mgy ([Vf (@)l +A)
_ Q[ f (zi)|* = 20(V f (), V£ (xx))
2Mii1 (|IVf (i)l + A)
_ VS @)l — 20V f ). Vi ) + IV Fan)]]* — [V )|
2Mpr (IVF(ap)| +A)

_ eV = Vi) = IV @l?
2Mis1 (IVF(ap)| +A)

Therefore,

IV F@R)l12 — [0V (ex) = V F(an) P
xr) — f(x > — .
o) = ) 2Miir (IVf(xp)l| + A)

We take advantage of the following relation for o € (0, 1] and a,b € R™ :
laa —b]| = [la(a —b) + (o — 1)b]| < alla — bl + (1 — a)]|b]].
As a result,

f(@g) = f(r41)
IV @2~ (all V(@) = Vi) + (0 - a)[F@pl)
2Mjo 1 (IIVF ()] + A)
_ IVF@DIR = (a8 + (1= )|V £ ()])
~ 2My11 <||%f($k)|| + A)
_a(IVF@all = A) (2 = a)([VF(ze)]| — A) +24)
2Mye i1 (IV ()] + A)
a2—a)  (IVF(@)] - 1)
2 My (IVf ()] +4)
_a-a) (WGl -22)"
2 My (IVf ()] +4)

>

>
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Let {Mi}fzo be a sequence of positive numbers satisfying the assumptions of the previous the-
orem. Given ||V f(zg)|| = 5A, from (24) it follows that

(2 = a)(|V £ ()| — 24)?
2 (M1 (IVF ()| — 28) + 3Mj 1 A)

a2—-a) /=
> " V@l =24).

flar) = f(are) =
(25)

Lemma 5. Let f(z) be a (0, M)-smooth function, and let {Mi}fzo be some sequence such that
M1 = M. Then for the algorithm

Mg (IIVF )]+ 4)

L1 = T — Vf(zp), ae(0,1],

the following inequality holds:

19 £ @)l > . oA
Mo (9 fan + 8 S a@—ay /) =Sl ¥ e (26)

Proof. For Ly =0 and L; = M, inequality (12) gives

N M(IVf ()] +A)

5 ly — ] + Ally — =].

f) < f@) + (Vf(x),y—2)
With y = x41 and x = z, we have

F@re) < fan) + (Vf(@n), 2pr1 — )
N M|V f(zp)] + A)

2kt — zill” + Allwggr — o]

2
< Flax) — OéH?f(l‘k)||2 042||?f(95k)||2
h ka(HVf(xk)ll +A)  2Mp 1 (|Vf(zr)]| + A)
Aa||V f(x)||

M1 ([Vf(2)]| + A)

(e

1o 1- ) gL s

) Mia(IVf ()| +8) M ([Vf (@)l +A)°

Let us estimate the term containing A :

AollVfEol M (V@I +4)  Aa
Mia(IV7 @) +8) ™ Myn (95 @all+8) Mt

Thus,

(07

B )
f<xk>—f<xk+1>>a(1_§ IV f (@)l A

) M ([Vf@)ll+4) Myt

which can be equivalently written as

197 @l 2 I T
Mo (9 fan [+ 8) S a@—ay ) = fmed) 4 e =y
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Inequalities (25) and (26) mean that for My > M, the iteration exit criterion of Algorithm 1
(see line 7) is automatically satisfied.

Lemma 6. Let f(z) be a p-quasar-convex function with p € (%, 1}, and let {Mi}fzo be some se-

quence of positive numbers from Algorithm 1. If a < %, then

ki1 — 2all <o — 2| + Ay + (27)

M1
Proof. Since xy1 = ) — nkﬁ f(xr), the following equalities are valid:
k1 = @l = [z — @ — MV f (1)
= |l — @l = 20(V f(r), 2h — @) + 07|V f (20)]*.
By the quasar-convexity of the function f, we obtain

41 — 242

< o — all? = 2me(p(f (@r) — £7) = Allwr — zll) + m2 IV £ ()|
6)
< g — za]l® = 20k (p(f (zk) — %) — Allwy, — 2.]))

9 . 2A
rane (o= e~ 1+ 3 =)

2
N R 2p) (F(ox) — )
+ 280l =l + ).
<

Let the parameter a be chosen so that 5=— —2p < 0. As o € (0, 1], this is possible if and only

ifpe (5, } In this case, we have

2aAny,
2 2 2,2 2,2
Tpp1 — Tu||” <o — 24 ||” + 2408 ||z — 24| + A0 + 77— — A%
ks — ]l < llog — ] o = | + At 4 =T At

(I I+ Ang)? + A ( 2a An>

= (ITE — T« Nk Nk -2k ) -
Mi11(2 — )
Consider the function y(t) = —t? + mt At the point t = m it reaches the maximum
o? o? 1
<& <

value M, @ e and ML aP S W, for a < 1. Thus,

ek = 2l < (o — 2l + Am)” + 35—
k+1

Note that for a,b,c > 0, the inequality a? < b? 4 ¢? implies a? < (b + ¢)?. Hence, a < b+ ¢, and,
consequently,

[Zr41 — l| < M|2p — 24]| + A + T
k+1

Note that inequalities (25) and (26) surely hold under M, > M. If ||V f(21)| = 5A and
M; > % Vi =1,k + 1 with some My > 0, then
a a a
— _ < < .
Mi1 (IIVF@)l +4) ~ 6MiA = 3MoA
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Theorem 2. Let f(x) be a p-quasar-convex and (0, M)-smooth function, where p € (%,1},

a € (0,1], and o < %. Then after [%W iterations of Algorithm 1, there exists an iter-

ation k for which either ||V f(x1)|| < 5A, or the exact solution will be reached.

Proof. In view of ||V f(z)|| > 5A, summing over k from 0 to N — 1 in inequality (25) yields
the relations
30(2 - )AL 1

)
1 5 M

flzo) = f" = f(xo) — flan) =

which can be written as
Ni L _ A(f(xo) — 1)
k=0 Mk+]_ 30[(2 — OZ)A

Considering that M; < 2M, we estimate the number of iterations for which ||V f(zz)|| = 5A. We

have % < %, or, in the final form,

<[]

_Remark 6. Suppose that an acceptable solution quality is achieved under the condition
|V f(xr)]| < 5A. Indeed, the p-quasar-convexity of the function f and inequality (27) imply

6A

fa) = 1 < 5 (198Gl + A) o =l € 2 (Jao - ] + 22D,

3Mo

Hence, with a small number of iterations, one can guarantee a solution quality within O(A). In
the case of large values of IV, this cannot be stated for sure. Note that if the objective function
satisfies the PL condition, an acceptable solution quality will be achieved under a small norm of
the inexact gradient (see Remark 4).

In the special case A = 0, we have the following result.
Theorem 3. Let f(x) be a p-quasar-convex and (0, M)-smooth function, where p € (%, 1},

a € (0,1], and o < %. Then Algorithm 1 with A =0 converges at the rate of a geometric pro-
gression.

Proof. Consider the case A = 0, i.e., Vf(x) = Vf(z) for each . Then from line 7 of Algorithm 1
it follows that

a—a) [Vi@)l? _ (2-q)

Tk 9
My ViG] 2 Vel (28)

f(zg) = f(zrg1) 2
In this case, we also have the relations
21— 2all® = llog — 2l = 20V f (20), 2n — 20) + 03|V f () ||
< law = @all? = 2mep(f (1) — 1) + 0@V f ()12

< s = 2P = 2up(1(01) ~ 1)+ s () — 1)

= Nl = P+ m( (o) = 1) (5 — 20)

<l = l® < llzo — 24l|* = B?,
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where a € (0,1] and p € (%, 1} . Further, by the quasar-convexity of the function f,

1 1 R
floe) = f7 < ;HVf(wk)Hllxk — 2 < ;HVf(wk)lleo — o = ;HVf(évk)ll-

Recall that, due to Lemmas 4 and 5, for My, > M the iteration exit criterion of Algorithm 1 (see
line 7) is surely satisfied. Then for each k > 0 we have My, < 2M, and from (28) it follows that

flanes) = £ < o) = = S = (o]
a2—a)p

(zx) — f* — mﬁ(f(xk) - f")

The proof of Theorem 3 is complete.

5. COMPUTATIONAL EXPERIMENTS

This section presents the results of computational experiments conducted to assess the efficiency
of the proposed algorithms when minimizing the logistic function (29) and the quasar-convex func-
tion (30).

5.1. Testing Results for Adaptive Algorithm 1

Let us compare Algorithm 1 with the adaptive universal gradient method [30] for the problem
of minimizing the logistic function from Example 3:

F) = =3 log(1 +exp(—alx)). a; € R (29)
=1

m
As is well known, the logistic function (29) is convex and L-smooth with the constant L= L 3 [|a;||?,
i=1
as well as (Lo, L1)-smooth with the parameters Lo = 0 and L; = max llai]|-
<i<m

The algorithms were run with the parameters n = 1000 and m = 100 and the initial point xy =
(1,...,1) € R™ The gradient inexactness parameter A took values from the set {0.5;0.1;0.05;0.01}.
The vectors {a;}7, were generated randomly from the standard Gaussian distribution. Figure 1
shows the iteration-to-iteration dynamics of the objective function values for the algorithms com-
pared. According to the numerical results, Algorithm 1, which uses (Lg, L1)-smoothness, demon-
strates higher efficiency compared to the adaptive universal gradient method [30].

5.2. A Nonconver Problem Ezxample from the Class of Quasar-Convex Functions

This subsection presents a comparison of the proposed method (9) with the step size (10) and
the gradient method with a constant step size of 0.001 on the example of a quasar-convex function
from [27]:

£(z) = h(llz]2)g (ﬁ) , (30)

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 9 2025
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A=0.5 A=0.1
10' --- Adapt. (univ.) method 10' --- Adapt. (univ.) method
\ — Algorithm 1 '\ — Algorithm 1
10°
=107
=
=
10°
107
0 5 10 15 20 25 0 5 10 15 20 25
Iteration Iteration
A=0.05 A=0.01
10' --- Adapt. (univ.) method 10' --- Adapt. (univ.) method
10’ \N — Algorithm 1 1000 \o, — Algorithm 1
10" 10
5 £10°
10° 3
10
10° 10°*
N 10°
10 0 5 10 15 20 25 0 5 10 15 20 25
Iteration Iteration

Fig. 1. Numerical solution of the logistic regression problem with (29), n = 10%, and m = 100 :
Algorithm 1 vs. the adaptive universal gradient method [30].

A=0.01 A=0.05
By Gradient method with constant step By Gradient method with constant step
7 \ — Method (9) with step size (10) 7 \ — Method (9) with step size (10)
6 6
s &5
4 4
= =
<3 =3
2 2
1 1
0 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Iteration Iteration

Fig. 2. The results of minimizing the objective function (30): algorithm (9) with the step size (10) vs.
the gradient method with constant step size.

where h(t) = t? and
| N
g(x1,29) =1+ AN ; a;sin®(b;z1) + ¢; cos®(d;x).

In the computational experiments, the elements of the sequences {a;}; and {¢;}; were assigned
independent uniform distributions on the interval [0,20). Similarly, the elements of the sequences
{bi}; and {d;}; were independently and uniformly distributed on the interval [—25,25). All methods
were initialized from the starting point (1,1) with the parameters N = 10 and o = 0.01. Figure 2
shows the iteration-to-iteration dynamics of the objective function values for the algorithms com-
pared. According to the experimental results, the proposed algorithm (9) with the step size (10)
chosen based on the (Lg, Lj)-smoothness of the objective function has higher efficiency than the
gradient method with a constant step size.
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6. CONCLUSIONS

In this paper, we have proposed and analyzed several gradient methods for minimizing (Lg, L1)-
smooth objective functions under the additive inexactness in the gradient values at the iterations.
Attention has been focused on investigating the convergence of these methods for some classes of
nonconvex functions, such as p-quasar-convex ones and those satisfying the Polyak—Lojasiewicz
(PL) condition.

The state-of-the-art research in this field has been reviewed. All key definitions and auxiliary
results have been adapted to the case of a A-inexact gradient. Some lemmas characterizing the
impact of the additive gradient error on the trajectory of the gradient method have been formulated
and proven. The convergence rate of the gradient method on the class of quasar-convex functions
satisfying the PL condition has been estimated theoretically. In particular, the method has been
shown to converge at a nearly linear rate (up to some parameters related to the errors). It has
also been proven that starting from some iteration, the method converges to a neighborhood of the
exact solution on the class of functions with the PL condition. Separate consideration has been
given to a detailed study of the case Ly =0 (the class of (0, M)-smooth functions), which is of
significant interest for machine learning problems, such as training logistic regression models. An
adaptive modification of the gradient method using inexact gradient values has been developed,
and a theoretical estimate of its convergence rate has been derived. In the case of exact gradient
values (for A = 0), the method has been shown to converge at the rate of a geometric progression.
The efficiency of the proposed methods has been confirmed by the results of computational experi-
ments conducted both on the logistic regression problem and on a certain nonconvex quasar-convex
problem.

Concerning directions for further research, it seems interesting to study accelerated methods for
(Lo, L1)-smooth problems with inexact gradient information and develop methods with adaptive
tuning to the parameters Ly and L.
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